Fast human walking includes a phase where the stance heel rises from the ground and the stance foot rotates about the stance toe. This phase where the biped becomes under-actuated is not present during the walk of humanoid robots. The objective of this study is to determine if this phase is useful to reduce the energy consumed in the walking. In order to study the efficiency of this phase, six cyclic gaits are presented for a planar biped robot. The simplest cyclic motion is composed of successive single support phases with flat stance foot on the ground. The most complex cyclic motion is composed of single support phases that include a subphase of rotation of the stance foot about the toe and of finite time double support phase. For the synthesis of these walking gaits, optimal motions with respect to the torque cost, are defined by taking into account given performances of actuators. It is shown that for fast motions a foot rotation sub-phase is useful to reduce the criteria cost. In the optimization process, under-actuated phase (foot rotation phase), fullyactuated phase (flat foot phase) and over-actuated phase (double support phase) are considered.
Introduction
The interests to design reference trajectories for dynamical stable walking bipeds are to improve the fluidity of the desired motion and to help in the conception of an experimental device. In general, this open and non-trivial problem is solved by finding numerical solutions. Optimization techniques are very often used to obtain low-energy trajectories for biped robots.
One of the first papers in this topic is (9) where Chow and Jacobson shown that the optimization methods are efficient to study the human locomotion. In (2), Beletski et al used polynomial functions of time to optimize the joint trajectories of a fully-actuated planar biped in single support. The optimization variables are the coefficients of polynomial functions and a simplified dynamical model is used. Later in (5) , (4) authors used the same techniques of parametric optimization for more sophisticate bipeds to find coefficients respectively for polynomial functions and finite Fourier series and to obtain a low-energy cyclic gait. In (18) , (14) the torques are optimized variables. Then the joint coordinates are found by solving the direct dynamic problem and by integration. Equality constraints are added in order to insure cyclic gaits. Other techniques are also available to define reference trajectory. In (16) blending or interpolation have been used for planar motion. With this strategy, (13) shows that the Balman model suffices to do a somersault motion for models with low degrees of freedom, using only four discrete points in time. However with these methods no energy criteria can be taken into account.
In the design of reference trajectories, the biped robots can present underactuated phases (7), (24) , (10) , (23) , over-actuated phases (17) , (15) or completely actuated phase (12) .
From studies of human walking gaits, authors proved the fundamental role of the feet during the walking gait in double support phases and in single support phases. Thus, for human walking gaits in single support, a rotation of the foot is observed with a partial contact of the sole with the ground, located between the heel and the toe (20) . Furthermore it is shown that the feet, with joint torques at the ankle which are significant, play a role more important to insure an equilibrium of the biped than to help the locomotion (22) , (21) , (1) . Thus it is extremely important and interesting to study the walking gait of an anthropomorphic biped with rotation of the feet. For a seven-link biped, an optimized walking gait composed of single support phases and double support phases is proposed in (11) , (3) . In single support phase the biped is flat on the ground, the rotation of the feet appears in double support phase only. An impactless heel-touch of the swing leg is taken into account at the beginning of the double support phase.
In this paper, we propose to take into account of a rotation foot during the single support phase. The objective of this study is to determine if the introduction of this phase for a biped robot is useful to reduce the energy consumed in the walking. In order to study the efficiency of this phase, six cyclic gaits are presented. The first three cyclic motions are composed of successive single support phases with flat stance foot on the ground separated by double support phases. In the first gait the double support phase is instantaneous and impacts are accepted. The second gait requires an impactless motion with instantaneous double support phases. The third gait requires an impactless motion with finite time double support phases, the two feet rotate during this phase. The third last cyclic motions are composed of single support phases that include a sub-phase of rotation of the stance foot about the toe. Motions minimizing an integral criterion based on the vector of the square of the actuated torques are defined. Furthermore, some constraints such as actuator performances and limits on the ground reaction forces are taken into account. Section 2 presents the dynamic model of the biped. Section 3 is devoted to the formulation of the optimization problem for cycling walking, optimal gaits with and without foot rotation are considered. In section 4 optimal gaits are presented. Section 5 gives the conclusions and perspectives.
The Biped Modeling

The biped
The biped studied walks in a vertical sagittal xz plane. It is composed of a torso and two identical legs. Each leg is composed of two links and a foot. The ankles, the knees and the hips are one-degree-of-freedom rotational ideal (without friction) actuated joints. Vector q r = [q 0 , q 1 , q 2 , q 3 , q 4 , q 5 , q 6 ] ′ 1 (figure 1) describes the shape and the orientation of the biped during a single support phase with a rotation of the stance foot about its toe. During the flat-foot sub-phase, q 0 = π and the vector of joint configuration is reduced to q = [q 1 , q 2 , q 3 , q 4 , q 5 , q 6 ] ′ (figure 3). All links are assumed massive and rigid. The torques are grouped into a 6 × 1 torque vector
′ . The torque Γ i is applied at joint q i for 1 ≤ i ≤ 6.
Gaits studied
The gait is composed of stance phases separated by double support phases. Each stance phase can be composed of a flat foot phase only or two sub-phases: a flat-foot sub-phase and a foot rotation sub-phase. If the double support is assumed instantaneous, the swing foot is horizontal when the swing foot touches the ground. If the swing leg velocity is not null just before the impact, a discontinuity of joint velocities exists (we denote this transition 'impact') and the stance leg foot takes off. If the swing leg velocity is null just before the impact, joint velocities are continuous (we denote this transition 'impactless') and the two feet are on the ground with zero velocity at the transition. If the double support has a finite time duration, the swing foot touches the ground with the heel; the velocity of the heel is null because in other cases the stance leg will take off and it is not possible to have a finite time double support phase (see section 2.3.8). During the double support phase the back foot rotates around its toe, the front foot rotates around its heel until the foot is flat on the ground. In figure 2 , the most complex gait is presented, some sub-phases can be suppressed to study simpler gait and to determine the role of each sub-phase on the efficiency of the gait.
In the following, six gait will be studied • Gait 1: Single supports separated by impact. The supporting foot is always flat on the ground. The swing foot is flat when it touches the ground, the swing foot velocity can be different from zero just before impact.
• Gait 2: Impactless motion composed of successive single support phases.
The swing foot is flat when it touches the ground. The impulsive force are null to avoid mechanical stress, the swing foot velocity is null at contact. • Gait 3: Impactless motion composed of single support and double support phases. In single support, the stance foot is flat on the ground. The swing foot touches the ground with the heel, the linear velocity of the heel is null at contact, in double support the two legs rotate.
• Gait 4: Single supports separated by impacts. The single support is composed of two sub-phases: the supporting foot is flat on the ground and then rotates around the toe. The swing foot is flat when it touches the ground, the swing foot velocity can be different from zero just before impact. In single support, at the transition between the two sub-phases, the stance foot of the robot is flat on the ground. The configuration at the end of the single support phase is the configuration at impact, the two feet touch the ground, only the heel of the swing foot touches the ground, only the toe of the stance foot is in contact with the ground. During the double support phase the two feet rotate until the front foot is flat on the ground. The final configuration of double support is the configuration at the beginning of the single support phase with an exchange of legs.
support is composed of two sub-phases: the supporting foot is flat on the ground and then rotates around the toe. The swing foot is flat when it touches the ground, its touchdown velocity is null.
• Gait 6: Impactless motion composed of single support and double support phases. The single support is composed of two sub-phases: the supporting foot is flat on the ground and then rotates around the toe. The swing foot touches the ground with the heel, the linear touchdown velocity of the heel is null at contact, in double support the two feet rotate.
The main characteristics of the gaits are summarized in the table 1.
Dynamic modelling
The legs swap their roles from one half step to the next one. Thus the study of a half step allows us to deduce the complete behaviour of the robot. The biped dynamic models in support on flat stance foot 1, with rotation about the toe of the stance foot 1, the impact model and the double support model are given.
The single support phase model: general case
Using the Lagrange's formalism, the dynamic model can be written, for k = 0, . . . , 6:
where K is the kinetic energy, U is the potential energy, Q k is the k th coordinate of the vector of the generalized forces. As the stance leg tip is assumed to be motionless, the virtual work of the reaction force is null.
Thus, the dynamic model can be written as :
where M r (q) is the (7 × 7)-symmetric positive inertia matrix. Let us note as the kinetic energy of the biped is invariant under a rotation of the world frame (19) , and as q 0 defines the orientation of the biped, this matrix is independent of q 0 . Vector h r (q r ,q r ) contains the centrifugal, Coriolis and gravity forces.
The six last lines of the model can be used to define the torques. The first line describes the behaviour of the robot caused by the unactuated rotation about the toe. The foot is flat on the horizontal ground thus the variable q 0 is π. The configuration of the robot can be described by q r or q. This sub-phase exists under the assumption that the zero moment point (ZMP) remains inside the convex hull of the foot support region. The dynamic model (2) can be used, it can also be reduced to :
where M (q) is the (6 × 6) low right sub-matrix of M r and the vector h(q,q) contains the centrifugal, Coriolis and gravity forces, it is composed of the last 6 components of h r .
Reaction force during the single support phase
During single support, the position of the centre of mass of the biped can be expressed as a function of the angular coordinates, denoted x g (q r ), z g (q r ). When foot-1 is on the ground, a ground reaction force R 1 exists. The global equilibrium in translation of the robot makes it possible to calculate this force. The external forces are gravity and the ground reaction force R 1
where g is the gravity acceleration m is the mass of the biped. Equation (4) The reaction force exerted by the ground must be directed upward to avoid take-off, and the reaction force must be inside the friction cone to avoid the sliding of the biped. These conditions can be written at each time by:
where µ is the friction coefficient (positive). It follows from these two inequalities that R 1z > 0.
Flat-foot sub-phase, the ZMP condition
The equilibrium of the stance foot, in rotation about the ankle allows to determine where the ground reaction force is applied. This reaction force is applied on the sole (z = 0), at the abscissa l. The external force acting on the stance foot are: its weight, the reaction force exerted by the ground R 1 , the actuated torque Γ 1 , the reaction force exerted by the shin on the foot at the ankle.
The equilibrium in rotation about the ankle gives :
where m 0 is the mass of the foot, x g0 is the x -coordinate of the centre of mass of the foot.
The following equation gives the position of the ZMP:
The flat foot phase exists only if the foot does not rotate, then if:
where l g and l d are defined in figure 3.
Foot rotation sub-phase, angular momentum about the toe
The kinetic energy K is independent of the chosen coordinate frame. Since coordinate q 0 defines only the orientation of the biped as a rigid body, the inertia matrix is independent of this variable. The first equation of system (2) is:
For our planar biped and our choice of coordinates in the single support phase, the term
is the biped angular momentum about the stance leg tip P (figure 1). We denote this term by σ. Thus we have:
where M 1 is the first line of the inertia matrix M r .
The expression
Thus the first equation of the dynamic model of the biped with foot rotation can be written in the following simple form:
This equation comes from the fact that during this sub-phase the position of the ZMP is imposed, the ZMP is at the toe of the stance foot, and the robot rotates freely around the ZMP. This equation will be used to solve the under-actuation that appears in the dynamic model for this phase: 7 variables q r describe the biped configuration, and only 6 torques are applied.
The non-instantaneous double support phase
During the double support phase the back foot rotates around its toe, the front foot rotates around its heel until the foot is flat on the ground. The ground exerts a force on the back toe and on the front heel. The dynamic model can be based on the dynamic model (2) when the contact on the front heel is added. The position of the front heel is fixed, the linear velocity and acceleration of the front heel are null. The configuration of the robot can be described by only 5 independent coordinates from q r . Its velocities and accelerations variables are such that:
where J h is the Jacobian defining the front heel velocity, and the dynamic model is:
where R 2 is the force exerted by the ground in the front heel : (13) is composed of 7 scalar equations and has 8 unknown variables, i.e. 6 components for Γ and and 2 components for R 2 , there is an infinite number of forces R 2 and torques Γ that produce the same motion of the robot. On an horizontal ground, any repartition of the horizontal forces such that R 1x + R 2x = cst will produce the same motion of the robot. Thus the set of solution, Γ, R 1 , R 2 can be parameterized by R 2x . If J hi denotes the i th line of J h , Γ and R 2z are then calculated by:
Due to the expression of J h , the first component of J h2 = 0 and the matrix used in (14) is invertible.
Reaction forces during the double support phase
As for the single support, the global equilibrium in translation of the robot makes it possible to calculate the reaction force on foot 1. Since the two feet are in support, we have:
Equation (15) can also be written as
The reaction force exerted by the ground must be directed upward to avoid take-off, and the reaction force must be inside the friction cone to avoid the sliding of the biped. These conditions must be written independently for both feet:
Impact model
When the swing foot 2 touches the ground at the end of single support, an impact can occur. We assume that the ground reaction at the impact is described by a Dirac delta-function with intensity I R 2 . This impact is assumed inelastic. This means that the velocity of foot 2 is null just after the impact.
Theoretical two kinds of impact can occur depending on whether the stance foot takes off or not. If the previous stance foot stays on the ground the impulsive force I R 1 must be upward and included in the friction cone. If the previous stance foot takes off the impulsive force I R 1 is null and the velocity of the foot after the impact must be directed upward. Numerically for our robot, only the first case (the stance foot takes off) leads to a valid solution. This case produces an instantaneous double support phase. To obtain a non instantaneous double support phase, the velocity of the impacting foot must be null to avoid the impact. This case will be considered in the next sections.
We study some gaits with instantaneous double support phases. This phase is followed with a single support phase where the stance foot is flat on the ground thus we assume that the swing leg impacts the ground with its flat foot. During the impact the stance leg 1 takes off and I R 1 = 0 at the instant of impact. The robot configuration q r is assumed to be constant at the instant of double support, and there are jumps in the velocities. The velocity vectors just before and just after impact, are denotedq − r andq + r respectively. The torques Γ are bounded, thus they do not affect the instantaneous double support. The impact model can be written as (8) :
where △(q r ) is a 7 × 7 matrix. Intensity I R 2 of the impulsive reaction force is also linear with respect toq − r :
Since the previous stance foot takes off, the contact conditions on this leg do not affect the impact equation directly, and the model is independent on the fact that the impact occurs at the end of the flat-foot sub-phase or at the end of the foot rotation sub-phase. The condition of contact of the swing foot at the impact modifies the impact equation, depending if the swing foot touches the ground with the heel or with its flat sole.
The impulsive ground reaction force must be directed upward and be inside the friction cone. To ensure a take-off of leg 2, the vertical velocity component of leg tip must be positive. In case of a flat-foot impact, the equilibrium of the foot at the impact allows to determine the position of the ZMP at impact for the leg 2. This constraint is developed in (23) . All these constraints can be written as some conditions onq − r .
3 Gait optimization for the cyclic walking
Principle
To design a cyclic walking gait, the behaviour of the actuated joint variables are prescribed using a polynomial functions The set of the optimization parameters are used to calculate this polynomial functions, taking account some properties of continuity between the phases. The objective is to calculate a cyclic gait by minimizing a criterion based on the square torques. Physical conditions of contact between the feet and the ground and limits on the actuators define non-linear constraints of this optimization process.
Polynomial functions
The biped is driven by six torques, and its configuration is given by coordinates q or q r depending of the phase. To transform the optimization problem into a finite dimension problem, the joint motion is described as a parametric function. We choose, for each phase or sub-phase, a polynomial function of time or of a monotonic function.
To insure continuity between two successive phases or sub-phases, the position and velocity of the biped at the beginning and at the end of each phase (or sub-phase) must be taken into account by the parameters of the polynomial functions. So, third-order polynomial functions are needed. Depending of the phase, polynomial functions of order three or four will be used.
Periodicity condition
The desired trajectory has the particularity to be cyclic: two successive half steps must be identical and, more precisely, the legs will swap their roles from one half step to the next. The condition of periodicity is used to define the trajectory only on one half step and to reduce the number of optimization parameters. The state of the robot is continuous from one sub-phase or phase to the following one. From the final state of an half-step to the initial state of the following half step, there is an exchange of the number of the joint, since the legs swap their roles, we have:
In the case of the existence of an impact with no null impulsive force, before the single support phase, a discontinuity of velocity exists. If the state of the robot is known before the impact the state of the robot after the impact can be deduced.
As a consequence these conditions of continuity are used to reduce the number of optimization variables, for each phase the final state of the phase or subphase are optimization variables, but not the initial state, this initial state is deduced from the final state of the previous phase or sub-phase.
Since the stance foot is always in contact with the ground by the toe, any configuration can be represented by q r and there is a maximal number of 7 independent real variables. This number can be reduced in the case of multiple contact with the ground (flat foot or double support). To describe the velocity of the robot, similarly the maximal number of independent real variables is also 7.
For each phase or sub-phase an optimization parameter is also used to define the duration of the phase or sub-phase.
The different sub-phases
The flat foot sub-phase
The biped is driven by six torques, and its configuration is given in single support phase by six coordinates q. To avoid unexpected collision of the swing leg tip with the ground, the joint motion is described by a fourth order polynomials in time:
where j is the joint number.
We define an intermediate configuration for the biped at t = T /2. The polynomial functions q j (t), j = 1, . . . , 6 are uniquely defined by q i , q f , q int ,q i ,q f . The indices i, f and int correspond to the initial (at t = 0), final (at t = T ) and intermediate (at t = T /2) state of the robot, respectively.
Depending on the phase that follows the flat-foot sub-phase, the number of independent variables which describe the final configuration and velocity varies. If the gait is only composed of flat-foot single supports (gaits 1 and 2), the final configuration is a double support configuration with the two feet flat on the ground. Thus only 4 independent variables are necessary to define it. We use the step length d, the position of the hip x h , z h , and the inclination of the torso ϕ = q 1 − q 2 − q 3 + π. If this phase is followed by a double support phase (gait 3), the final configuration is a double support configuration with the heel of the front leg on the ground. Thus 5 independent variables are necessary to define it. The angle of the front foot must be added. If this phase is followed by a foot rotation sub-phase (gaits 4 to 6), the final configuration is a single support configuration described by 6 variables.
The final velocity is generally described by 6 variables excepted in the case of an impactless motion without foot rotation in single support (gaits 2 and 3). In these cases the velocity of the swing foot must be such that the impact is avoided. For gait 2, the linear and angular velocities of the swing foot must be null. For gait 3, the linear velocity of the heel must be null.
When function q(t) is chosen, the joint velocity and the joint acceleration can be deduced by the derivation of the polynomial function. The dynamic model (3) gives the torques required to produce the motion. The reaction force can be deduced by (5) with q 0 = π,q 0 = 0,q 0 = 0.
The foot-rotation sub-phase
During the foot rotation sub-phase, the biped is driven by 6 torques, and its configuration is given by 7 coordinates q. Thus the system is under-actuated and its motion cannot be freely chosen. Studies of control of such an underactuated biped (6), (8) have shown that a geometric evolution of the robot q(s) can be chosen. For a given function q(s) within some limits, function s(t) defining a motion compatible with the dynamic model can be deduced using equation (11) . In the optimization process, the joint evolution is described by function q(s). This way solves the under-actuation problem and avoids the use of equality constraints as in (7), this point will be detailed.
We choose to define the evolution of the joint variables as a polynomial of s, where s is a monotonic function from 0 to 1. Vectors q(0), q(1) are the initial and final configurations of the foot rotation sub-phase, respectively. Third-order polynomial functions are used:
where j is the joint number. The polynomial functions q rj (s), j = 0, . . . , 6 are uniquely defined by q ir , q f r ,
. The indices ir, f r correspond to the initial (at s = 0), final (at s = 1) state of the robot for this sub-phase, respectively.
In fact, the initial state for this sub-phase is the final state for the flat-foot rotation sub-phase q irj = q f j for j = 1, ..., 6 and q ir0 = π, thus it is known. The initial velocity of the robot is also known,q irj =q f j for j = 1, ..., 6 andq ir0 = 0, the initial vector dq ir ds can be deduced ifṡ(0) is known sinceq ir = dq ir dsṡ (0). The termṡ(0) will be an optimization variable.
The final configuration is a double support configuration with contact on the supporting toe and one foot flat on the ground if there is an instantaneous double support phase; or with contact on the supporting toe and on the heel of the swing foot for finite time double support phase. Thus 5 or 6 coordinates are used to define this configuration.
The final velocity is proportional to
. This vector is defined by 7, 5 or 4 variables depending if an impact is accepted or not. With an impact, 7 independent velocities variables are necessary to define this vector. For an impactless motion, if the contact with the ground occurs with the heel there are 5 independent velocities variables, and only 4 with a contact on a flat sole. From dq f r ds , the velocityq f r can be deduced as it will be seen in the following
From joint trajectories to joint motions
The joint path is given as q r (s), but since the robot is under-actuated, function s(t) must be such that the biped motion satisfies the dynamic model. Equation (11) can be rewritten as:
These two equations can be combined to have for 0 ≤ s ≤ 1 (8):
Since functions I(s), and V (s) can be calculated for any given function q r (s), it follows that the initial valueṡ(0) permits to define the functionṡ(s) completely and thus s(t).
Polynomials q r (s) is defined with the assumption that s is a well defined increasing function, thus the following conditions must be satisfied:
These constraints are taken into account in the optimization process.
The value ofṡ at the end of the foot rotation sub-phase can be deduced from equation (23), thus the velocity of the robot at the end of the foot rotation sub-phase is :
Torques and forces
For the foot rotation sub-phase, when the function q r (s) is chosen,ṡ(s) can be calculated by equation (23) . Thus the joint velocity is:
Since the joint acceleration can be written:
The first line of the dynamic model permits to deduces. Then the last six lines give the torques required to produce the motion:
where M 2,7 is composed of the last six rows of M r , h 2,7 is composed of the last six rows of h r . The reaction force can be deduced by (5).
Finite time double support phase
The biped is driven by six torques, and its configuration is given in double support phase by five independent coordinates only. The configuration is described by 7 coordinates vector q r as in the foot rotation phase but the position of the front heel is constant and linear velocity and acceleration of the heel are null. The joint motion is described by a third order polynomials in time for the joints 0, 1, 2, 3, 6, the evolution of the joints q 4 and q 5 are determined in order to satisfy the contact constraint on the front heel (12) .
The polynomials function are:
where j is the joint number. They are uniquely defined by the initial configuration and velocity and the final configuration and velocity. A non-instantaneous double support phase exists only for impactless motion, thus the initial state of the robot is known as the final state of the previous phase.
This phase is followed by a single support on flat stance foot and the swing foot is in contact with the toe. Since one point on each feet is fixed during the double support phase, the step length can not be chosen at the end of the double support phase, the final configuration is determined by 4 independent variables: the position of the hip x h , z h , the inclination of the torso q 1 − q 2 − q 3 + π and the inclination of the back feet.
Only 5 components of the joint velocity are independent during this phase, thus the final velocity can be defined by 5 variables at maximum, but since impactless motion is defined, the angular velocity of the front feet must be null at the end of the double support to avoid impact, thus the final velocity is defined by 4 variables only.
When function q(t) is chosen, the joint velocity and the joint acceleration can be deduced by the derivation of the polynomial function. To determine the torques and reaction forces the dynamic model (13) must be solved. As a consequence the reaction force R 2x must be known. R 2x is defined in the optimization process as a second order polynomial function of time:
Then the torques and reaction force are deduced by (14) and (16).
Number of optimization variables
Depending of the gait studied, the number of optimization variables can be deduced from the description of each sub-phases. The results is summarized in table 2.
Statement of the optimization problem
By parametrizing the joint motion in terms of polynomial functions, the optimization problem reduces to a constrained parameter optimization problem of the form Minimize C(P ) subject to g j (P ) ≤ 0 for j = 1, 2, ..., l
where P is the set of optimization variables described in table 2, C(P ) is the criterion to minimize with l inequality constraints g j (P ) ≤ 0 to satisfy. The criterion and constraints are given in the following sections.
For the numerical optimization we use the sequential quadratic programming method (SQP). This local method uses quasi-Newton approximations for the Hessian of the augmented Lagrangian and obtains search directions from a sequence of quadratic programming sub-problems. The algorithm fmincon from the package Matlab is used to solve these constrained parameter optimization problem.
The constraints
The objective of this study is to define optimal motion for a given robot with given actuators. The constraints on the maximum torques (Γ max ) and velocities (V max ) of the actuators are considered.
Some other constraints must be checked to insure that the optimal trajectory is convenient:
• constraints on reaction force (section 2.3.3 and 2.3.7)
• constraints on impact phase (section 2.3.8)
• the swing leg foot must not touch the ground before the prescribed end of the stance phase • constraints on the ZMP for the flat-foot sub-phase (section 2.3.4)
• constraints on the existence of the function s(t) (eq. (24) Table 2 Number of optimization variables All these constraints (excepted the last one) that must be satisfied at each instant of the cycle are sampled at 20 points of each phase to produce a discrete set of inequality conditions.
The criterion
In electrical motors and for a cycle of walk, most part of the energy consumption is due to the loss by Joule effect neglecting the friction. Thus the optimized criterion is proportional to this loss of energy. It is defined as the integral of the norm of the torques for a displacement of one meter:
where T is the duration of one half step, d is the distance travelled by the centre of mass during one half step. All the sub-phases are taken into account.
This criterion will be optimized for a given motion velocity of the robot v x , thus the criterion is rewritten to includes this equality constraint via the penalty method:
4 Optimal walk
The prototype used for the optimization
In the presented study, we use the parameters of a humanoid robot with a motion limited to a plane. The main parameters for this robot are given in table 3, the weight and height of this robot are not far from human weight and height (the position of the centre of mass corresponds to the distance s i in figure 3 ). To avoid take-off of the stance foot, the minimal vertical reaction force is 100 N. The friction coefficient is 2/3. The evolution of the swing leg foot must be higher than a sinusoidal function. The maximum of this function is 0.03 m. The initial orientation of the torso is between −6 and 20 degrees. Table 3 Parameters for optimization. 
Walk at various velocities
In figure 4 , the evolution of the cost criteria are drawn as function of the motion velocity for the six gaits studied (see section 2.2). For slow motion (the average velocity is less than 0.58m/s = 2km/h), walk composed of flat foot single support phase separated by instantaneous double support phases (gait 1) is the most efficient walk with respect to the criterion studied. For intermediate velocity (from 0.58m/s = 2km/h to 0.8m/s = 2.88km/h), a walk with flatfoot single support and non instantaneous double support (gait 3) is the best gait. For fast walking (from 0.8m/s = 2.88km/h to 1.8m/s = 6.48km/h), the best gaits (gait 4 and 6) include a rotation of the stance phase in single support, an impact or an impactless motion with double support phase. The difference between gait 1 and 2, and gait 4 and 5, is only the existence of an no null impulsive reaction force in the impact phase, the evolutions of the criteria are similar but the avoidance of the impulsive reaction force sightly increases the criterion cost. With the same actuators the maximal motion velocity is dramatically increased by the introduction of the foot rotation sub-phase.
Walk with Gait 1
For a motion velocity of 0.5 m/s (1.8 km/h), gait 1 is the best gait. The optimal walk has the following characteristics: for one half step, the duration T is 0.46 s, the step length is 0.23 m. The value of the torque cost criterion C is 697 N 2 ms. Figure 6 regroups the torques after the gear box, the reaction force, the evolution of the ZMP as function of the time. The limits on the torques are satisfied, the maximal value for the actuator are given in table 3. The conditions to avoid take-off and sliding are satisfied. The torques at the beginning and the end of the step are higher than at the middle of the step, these phases allow to accelerate and decelerate the robot. For this slow gait it can be noticed that the ZMP evolves close to the vertical of the ankle, because the torque at ankle is low. 
Walk with Gait 2
For a motion velocity of 0.4 m/s (1.44 km/h), the gait 2 can also be used. The criterion cost is higher that for the gait 1 because the avoidance of the impact increases the torque needed during the motion. The optimal walk with gait 2 has the following characteristics: for one half step, the duration T is 0.48 s, the step length is 0.191 m. The value of the torque cost criterion C is 1247 N 2 ms. Figure 8 regroups the torques, the reaction forces, the evolution of the ZMP as function of the time. The conditions to avoid take-off and sliding are satisfied. For this slow gait, the ZMP evolves close to the vertical of the ankle, because the torque at ankle is low. Since the torques at the stance ankle are higher than for the gait 1, the ZMP moves from the vertical of the ankle. 
Walk with Gait 3
For a motion velocity of 0.7 m/s (2.5 km/h), gait 3 is the best gait. The optimal walk includes a non instantaneous double support phase, it has the following characteristics: for one half step, the duration T is 0.563 s, the step length is 0.394 m. The double support phase has a duration that represents 20% of the duration of the step. The value of the torque cost criterion C is 1557 N 2 ms. The duration and the step length have increases with respect to the previous gait. Figure 9 presents the stick-diagram of one step of optimal walk. During the double support phase the two feet rotate, thus the back foot is not flat on the ground at the beginning of the single support phase. Figure 10 regroups the torques, the reaction forces, the evolution of the ZMP as function of the time. The limits on the torques are satisfied, the torque are higher in double support phase than in single support phase. For this gait it can be noticed that the ZMP evolves close to the vertical of the ankle, because the torque at ankle is low in single support phase. In double support phase, only the ZMP for the back foot is presented, since the foot rotates around the toe, the ZMP is at the front limit of the foot. For the front foot, since the foot rotates around the heel, the ZMP is at the back limit of the foot.
Walk with Gait 4
For a motion velocity of 1.2 m/s (4.32 km/h), gait 4 is the best gait. The optimal walk includes a foot rotation in the single support phase, it has the following characteristics: for one half step, the duration T is 0.28 s, the step length is 0.336 m. The duration of the first sub-phase with stance flat foot is 0.112 s and the duration of the stance foot-rotation sub-phase is 0.147 s. The value of the torque cost criterion C is 3224 N 2 ms. Figure 12 regroups the torques after the gear box, the reaction force, the evolution of the ZMP as function of the time. The limits on the torques are satisfied, the torque are higher in the foot rotation sub-phase than in the flat foot sub-phase. In foot-rotation sub-phase, since the foot rotates around the toe, the ZMP is at the front limit of the size of the feet.
Walk with Gait 5
For the motion velocity of 1.2 m/s, the gait 5 can be used. The optimal walk has the following characteristics: for one half step, the duration T is 0.317 s, the step length is 0.381 m. The duration of the first sub-phase with stance flat foot is 0.171 s and the duration of the stance foot-rotation sub-phase is 0.146 s. The value of the torque cost criterion C is 4105 N 2 ms. regroups the torques, the reaction forces, the evolution of the ZMP as function of the time. The torques at the beginning of the step are higher than for gait 4, as a consequence the ZMP moves from the vertical axis of the ankle.
Walk with Gait 6
For a motion velocity of 1.2 m/s (4.32 km/h), gait 6 is a good gait, this gait is the closest to human gait. The optimal walk includes a foot rotation in the single support phase and a double support phase. With respect to gait 4, this impactless motion reduces the mechanical stress in the robot. It has the following characteristics: for one half step, the duration T is 0.384 s, the step length is 0.460 m. The duration of the first sub-phase with stance flat foot is 0.170 s, the duration of the stance foot-rotation sub-phase is 0.164 s and the duration of the double support phase is 0.050 s (this duration is the minimal value accepted for a double support phase). The value of the torque cost criterion C is 3570 N 2 ms. Figure 15 presents the stick-diagram of one step of optimal walk. During the second simple support sub-phase the stance feet rotates about its toe. This rotation continue during the double support phase. During this last phase the front foot rotates also about the heel to be flat on the floor at the end of this phase. Figure 16 regroups the torques, the reaction forces, the evolution of the ZMP as function of the time. In foot-rotation sub-phase and in the double support phase, since the foot rotates around the toe, the ZMP is at the front limit of the feet.
Optimal Gaits for various bipeds
Three different bipeds have been studied in order to define if the optimal gait depends on the robot or not. Three experimental bipeds are considered to define the various physical parameters sets. The heaviest biped has been considered in section 4.2. The second biped is developed by French laboratories in the framework of the Phema project. The bipedal robot is an humanoid that can move in three dimensional space but this study is limited to planar motion only. The biped feet are composed of two link articulated by a rotational joint to study motion with rotation of the feet. In the modelling only the first link of the feet is considered. The third biped considered is Rabbit, this planar bipedal robot has been defined to be able to run and to have fast motion. This French biped (6) has been developed in a national project, it has point contact with the ground but for this study feet have been added. This bipedal robot is the lightest, the weight of the legs are not negligible with respect to the mass of the torso. The characteristics of the bipedal robots are given in Table 4 Parameters for the robot Phema with planar motion and for the robot Rabbit with feet
The cost criteria for the different gaits are drawn as function of the joint velocity for the biped Phema and Rabbit in figure 17 and figure 18 respectively. For the three robots studied, we can observe that for fast motion the best gaits include a foot rotation sub-phase, for a slow motion this sub-phase is not useful.
For each group of gaits with foot rotation (gaits 4 5 6) , the gait with the lowest cost includes impact phases. If the impact must be avoided to preserve the biped's mechanics then it is slightly better to introduce a double support phase. In the optimisation process, the minimal duration of the double support phase is 0.05 s, for fast motion, this double support phase can be suppressed.
For gaits without foot rotation or double support (gaits 1,3), the gait with impact has a lower cost that the gait without impact. One of the main difference that can be observed for the different bipeds is the efficient of the gait with double support and without foot rotation (gait 2), it can be the best gait for an intermediate velocity or never a better gait than gait 1.
Depending of the robot characteristics, the fastest motion velocity obtained with the introduction of the foot rotation can be 30% to 100% higher than for a motion without foot rotation in single support.
Conclusions
Optimal cyclic joint reference trajectories for the cyclic walking of a biped were proposed in this paper. Classical algebraic optimization technique is used, the optimal trajectory is defined by a reduced number of parameters (14 to 43). Some inequality constraints such as the limits on torques and joint velocities, the conditions of no take-off and no sliding during motion and impact, the constraints on the ZMP, some limits on the motion of the free leg are taken into account. The optimized walking gait is composed of single sup-ports and instantaneous double supports defined by passive impacts or non instantaneous double supports with rotation of the back foot about its toe and rotation of the front foot about its heel. The single support phase can include a foot-rotation sub-phase or not. The optimization process is able to deal with under-actuated and over-actuated sub-phases.
Six gaits are explored. Optimal motion are presented for each gait. This study includes the evolution of the criterion cost for the six gaits with respect to the different motion velocities, and for physical parameters of three experimental bipeds with different mass repartition and actuator limits. We observe:
• With the same actuators the maximal motion velocity is dramatically increases by the introduction of the foot rotation sub-phase.
• The foot-rotation sub-phase in single support allows to reduce significantly the cost criterion for fast motions.
The next step is to extend this study to the cases of a walking gait in 3D.
